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It is proven that a A-design D is type 1 8 every pair of treatments with different 
replication in ~3 is contained in precisely X sets of 9. 
1. INTRODUCTION 
A h-design is a family S, , S, ,..., S, of subsets of (1, 2 ,..., ?z} such that for 
i # j Si n Sj has cardinality h and the sets SC are not all of the same size. 
Given such an arrangement, put rii = I{& ] (i, j) C &>I. Ryser [3] and 
Woodall [5] established that the rephcation numbers rii will take precisely 
two values r1 and r2 , say, where rl f r, = n + 1. The only known examples 
of such configurations are obtained from (v, k, A)-designs by a process of 
complementing with respect to a fixed block [l, 51, the resulting X-design 
(h = k - A) being called a type-l design. That all h-designs are type 1 is 
the “h-design conjecture.” It was verified for 1 < h < 9 so.me time ago 
and recently for all prime values of h by Singhi and Shrikhande [4]. 
If we take rl > r2 and call an element i class 1 or class 2 as rii = rl or 
rii = r2 , respectively, a not too difficult result [2, 51 is that a h-design is 
type 1 if and only if rij depends only on the classes of i and j. We prove here: 
“A h-design is type 1 if and only if ri4 = h for all pairs i, j of different classes.” 
2. BACKGROUND AND LEMMAS 
If 
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is the v x v incidence matrix of a (v, k, 1) symmetric block design, the matrix 
B= 
1 
: J-B1 
1 I: 0 4 0 . 
where J is the matrix of ones of size k x v - 1 satisfies 
BtB = diag(& k - x ,..., k - A) + (k - A) J, (2.1) 
i 
(v-2k+X+ l)J (k--)J 
BBt = (k - A) I + 
! 
XJ . 
(2.2) 
(k - A) J 
Thus for k # 2x, B carries a h = k - X-design, a so-called type-l or point 
complemented SBD. From (2.2) we see that rii depends only on the pair 
(class i, class j). Conversely, it is known if, in a h-design 9, rij depends only 
on the classes of i and j then .9 is type 1. We notice also that here if i and j 
are of different classes, rij = k - x = h. 
Now let A be the y1 x n incidence matrix of a X-design with columns 
corresponding to sets. If then j Si 1 = ki , we have 
AtA = diag(k, - A,..., k, - h) + XJ = D + hJ, (2.3) 
AAt = (Yfj). (2.4) 
We take A normalized so that rll = ... = r,l,,l = rl , rjj = r2 , j > e, 
where r1 > r2 . With p = (rl - l)/(re - 1) the basic X-design dual equation 
[I] is 
AD-lAt = Z + R 2 (2.5) 
where 
PJ~, J 
R= e, + e2 = n. 
J (l/p) Je, ’ 
In addition to these relations one has also 
(1 + p>” 1 -_ 
$lk,h= p A. (2.6) 
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Further, if kj’ = xii, aij denotes the number of class-l elements in 
Sj and kj* = kj - k,‘, then 
kj* - h = -p(kj’ - X). (2.7) 
We will show if AA* has the form 
where *1 is e, x e, , then A is a type-l design. To do this we need three 
lemmas. The first is a result due to Kramer [2]: 
LEMMA 1 (Kramer). Let A be a normalized X-design incidence matrix. 
Then A has two column sums if and only if AAt has its first e, row sums equal 
to a constant ol and its final e2 row sums equal to a constant o2 . 
The necessity is evident from (2.2) and the sufficiency follows on inspec- 
tion of 
At(AAtl) = (AtA) Atl, 
where 1 is the column vector of ones, in view of (2.7). 
The second lemma needed is 
LEMMA 2. Let A be a h-design with exactly two column sums kl and k, , 
Assume 
k, < 2X < kz . (2.8) 
Then 
k, = 2h or k, = 2h. 
Proof. We take A with its first e columns of sum k, and its final f = n - e 
columns with sum k, . Consider any of the first e, rows of A and read the 
(i, i) position of (2.5) as 
(2.9) 
where ri’ is the partial row sum & aij and ri* = r, - r,‘. Then (2.9) 
shows that rti’ and ri* are independent of i for i < e, , and we denote these 
* rl’, r1 . 
Similarly, considering row i for i > e, , we obtain 
582a,‘zz/3-8 
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where r2’ = xi=, aij for any i > e, and Ye* = r2 - rz’. NOW put vi = ki - X 
(i = 1,2) and note that (2.6) specialized to the case at hand becomes 
Now (2.9) and (2.10) give 
(VZ - Vl) r1’ = (1 + p> VlV2 - Vlr’l , 
l-kp (VZ - VI) r,’ = ___ 
P 
vlvz - vlr, , 
which when added give 
(vZ - v,)(r,’ f r,‘) = (’ : ‘)” VlV2 - VI@ + 1) 
(2.11) 
(2.12) 
as r1 $ r2 = n + 1. Now use (2.11) in (2.12): 
(I+ - vl)(rl’ -i- r,‘) = vlvz 
( $ + 5 + ;) - 42 + 1) 
and simplify to 
A(v2 - vl)(rl’ $ rz’ - e) = v1(v2 - h). (2.13) 
Equation (2.8) says vr < X < vZ so r,’ + r2’ - e > 0. Suppose 
A(r+ - VJ < Q(V~ - A). Then directly I+ > A, a conflict. Hence X(V, - vl) 3 
v1(v2 - A) > 0 and from (2.13) rl’ + r,’ - e < 1. If rl’ + r2’ - e = 0 
then v2 = h or k, = 2h. If rl’ + r2’ - e = 1, X(v, - vl) = v1(v2 - X), 
whence v1 = h or k, = 2h, as asserted. 
Finally, we establish 
bMMA 3. If, for any two elements i, j of different classes, rij = p”, then 
A has two column sums kl and k, . If kl < k, then k, < X $ p < k, . 
Proof. Our assumption is that AAt has the form 
. (2.14) 
Now 
(AAt 
But also if 
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ADA-I) A = AAtA - AD = A(AtA - D) 
(2.15) 
= A(XJ) = h @=I. 
(2.16) 
we compute the (i,j)th element of BA as 
VW,,, = & (rlpkj + r,kj*) = rlh, i G' e, , 
(2.17) 
= & (u,pk,’ + rzkj*) = r2h, i > e, . 
Thus BA = (AAt - ADA-I) A, whence 
B = AAt - ADA-I. (2.18) 
We introduce a notational convention. (a/p) will denote the column vector 
whose first e1 coordinates are equal to 01 and whose final e2 coordinates are 
all j3. We want to show that AAt(l/l) has the form (a//I) to use Lemma 1. 
Now B(l/l) clearly has this form, so it remains only to show that ADA-l(l/l) 
does also. 
As A = (ADA-l)AD-l we have A(1/1) = (ADA-l) AD-l(l/l). But 
A(l/I) = (yI/r2) and from (2.5), 
so this is 
(2.19) 
Put ADA-l(l/O) = S, , ADA-l(O/l) = S, . The final e, coordinates of 
AAt(l/O) are all equal he,) as are the final e2 coordinates of B(l/O) 
(Irdl + PII 4. F rom (2.18) the final e2 coordinates of S1 = ADA-l(I/O) 
are all equal. Likewise the initial e, coordinates of AAt(O/l) a.re all equaI 
as they are for B(0/1) so also for S, = ADA-l(O/l). But from (2.19) 
+‘, + S, z ADA-1 T = --t%- 
0 
(2.20) 
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Since S, has its final e2 coordinates equal, (2.20) says Sz does also. Since S, 
has its initial e, coordinates equal, (2.20) says that S, does also. Hence 
s1 f s, = ADA-1(1/l) = (a//l) f or suitable a, /I. We conclude through 
Lemma 1 that A has two column sums. Calling these kl < k, , with 
frequencies e and f = n - e, easily 
ek,‘k,* f fk,‘k,* = pele, . (2.21) 
Also summing the (i, j) entries of (2.5) for i < e, , j > e, , we obtain 
ek,‘k,* I ,fk,‘k,* 
___ i ___ = e1e2 , k, - X k, - h 
(2.22) 
which together say l/p is an average of I/(k, - A) and l/(ka - A), establishing 
the last claim of the lemma. 
3. THE THEOREM 
THEOREM. Let 9 be u h-design. Then 9 is type 1 if and only if rii = X 
for allpuivs i, j of d@Cerent replication in ~3. 
Proof. With A the incidence matrix of 9, Lemma 3 says A has two column 
sums, k, and k, and k, < 2h < k, . Then Lemma 2 says k, = 2X or k, = 2X. 
If, for example, k, = 2X, then (2.7) ka’ = k,* = A. Now (2.21) and (2.22) 
become 
ek,‘k,* f fh2 = he,e, , 
s+,fA= e1e2, 
1 
which imply 
ehk,‘k,* 
kI - h 
= ek,‘k,*. 
If k,‘k,* # 0 we conclude kl = k, = 2h, a conflict. Hence kl’k,* = 0. 
This, with k, = 2h, is known to imply type 1. If kl’ = 0, for example, then 
yl’ = 0 in (2.13) v2 = X so Y,’ = e, and the first e columns of A are equal. 
So, we have e = 1, and point complementation with respect to column 1 
produces a symmetric block design. It is similar for the remaining case. 
Finally, we remark that the proof of Lemma 3 does not require the full 
hypothesis and also that it may be modified to show two column sums if 
lpij depends only on the class for i andj in the same class. 
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